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Interface fracturea b s t r a c t
Thin composite ﬁlms consisting of a matrix with embedded particles are currently being developed both
as hard, wear resistant coatings and as functional surfaces. The effect of stiff particles in the ﬁlm are stud-
ied for systems where the ﬁlm is under residual tensile stresses. The particles, when they are fully bonded
to the matrix, increase the stiffness of the composite ﬁlm. In cases where the particles debond from the
matrix material, the stiffness of the composite ﬁlm decreases. The conditions under which the debonding
process is stable are studied. For systems properly designed, a controlled debonding process of the
particles can thus be used to reduce the stress levels in composite ﬁlm lowering the risk for delamination
of the composite ﬁlm from the substrate as well as the risk of through cracks in the ﬁlm. The work
includes ﬁnite element based unit cell calculations of interface debonding between spherical particles
and the ﬁlm, and the release of residual stresses following this. The three dimensional unit cell calcula-
tions assume a periodic distribution of particles in the plane parallel to the substrate interface with
equi-biaxial tension and periodicity with zero overall stress perpendicular to the substrate interface.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Thin ﬁlms containing particles are used in a variety of applica-
tions including hard coatings with embedded nano-particles and
paint systems with micro glass beads (Gunnarsson and
Gudmundsson, 2007; Kibsgaard, 2010). These particles may inﬂu-
ence the stiffness and fracture toughness of the ﬁlm. In addition to
changing the mechanical properties of the ﬁlm, the particles may
change the physical properties e.g., by applying coatings to the par-
ticles which is the case for the paint system in Gunnarsson and
Gudmundsson (2007) and Kibsgaard (2010) where the glass beads
have been coated by TiO2 to make the paint system chemically
active, by utilising the photo-catolytic properties of anatase.
Thin ﬁlm fracture modes include tensile delamination at the
ﬁlm-substrate interface (Jensen et al., 1990) and compressive
delamination modes driven by ﬁlm buckling (Hutchinson and
Suo, 1992; Moon et al., 2002). Other types of delamination failure
modes include the initiation, propagation and buckling of edge
cracks and corner cracks (Jensen and Thouless, 1995; Veluri and
Jensen, 2013). For failure by interface delamination between the
ﬁlm and the substrate, the formulation of proper, mixed mode
interface fracture criteria is essential (Hutchinson and Suo, 1992).
Thin ﬁlm fracture modes further include tensile ﬁlm cracking such
as channelling cracks (Thouless, 1990; Beuth, 1992). For a reviewof different failure modes in layered materials and methods for
analysing the competition between these modes, see Hutchinson
and Suo (1992). The present work deals with tensile fracture
modes in the form of particle-ﬁlm debonding.
The purpose of this paper is to describe the effects of debonding
of particles in a ﬁlm which is composed of an elastic matrix con-
taining micro glass beads. Such particles, both hollow and solid,
are used in various matrices such as polypropylene, epoxy, alkyd
and concrete. The particles might be manufactured under con-
trolled conditions or obtained from the burning of coal in the form
of ﬂy ash. Debonding of nano-particles in bulk materials was stud-
ied recently in Salviato et al. (2013) for hydrostatic tension.
When particles are introduced in the thin ﬁlms, the resulting
composite ﬁlm may experience increased resistance to crack
growth as well as an overall increase in Young’s modulus. Many
explanations have been given for the increase in fracture resistance
such as crack front pinning, particle cracking and inter-particle
cracking (Garg and Mai, 1988). These studies are also focussed on
bulk material behaviour. This paper shows that localised debond-
ing in the ﬁlm-glass particle interface can be a vital contributor
to the overall crack resistance of composite thin ﬁlms, by lowering
the overall stress levels in the cases where the ﬁlms remain bonded
to the substrate.
For the system considered, it is important that residual strains
arising during deposition of the ﬁlm do not lead to through-
thickness cracks thus exposing the substrate. This can be achieved
by ensuring that the fracture toughness of the ﬁlm is sufﬁciently
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ing exposure of the substrate in cases of cracks developing in the
ﬁlm has been to introduce a thin, soft interlayer between the ﬁlm
and the substrate acting as a crack arrestor (Suresh et al., 1993).
Another, safe way of ensuring that micro-cracks do not propagate
through the ﬁlm is to release the residual stresses by controlled
particle debonding and possibly also a limited amount of inter-
particle cracking as will be shown in the present paper.
A SEM of a paint system motivating the present study is shown
in Fig. 1 (Kibsgaard, 2010; Gunnarsson and Gudmundsson, 2007).
The TiO2-coated glass particles at the ﬁlm surface are seen, as well
as some limited amount of trans-particle cracking of the alkyd
matrix. The mechanism focussed on is the effects on the stress
state and overall mechanical properties of the particle reinforced
ﬁlm of debonding between the particles and the ﬁlm for cases
where the ﬁlm remains bonded to the substrate.
Micro glass particles have been introduced to other bulk mate-
rials with increased fracture toughness and Young’s modulus as a
result (Green et al., 1979; Moloney and Kausch, 1983; Moloney
et al., 1987; Mallick and Broutman, 1975; Spanoudakis and
Young, 1984; Amdouni et al., 1992; Dibenedetto and Wambach,
1972). Different explanations have been suggested for the
increased fracture toughness of these particle reinforced compos-
ites such as: trans-particle fracture, crack tip blunting, debonding
of particles, crack deﬂection around particles, crack front pinning
and more (Garg and Mai, 1988). In the present paper, a detailed
study of the particle debonding mechanism in thin ﬁlms is ana-
lysed by letting a crack grow in the interface between the glass
particles and the ﬁlm.
2. Homogeneous ﬁlms, tensile fracture
In thin ﬁlm systems, residual stresses may arise at manufactur-
ing due to curing and thermal expansion mismatch between ﬁlm,
particles and substrate, but also external loads may induce stresses
in the ﬁlm causing fracture.
In this Section, the notion delamination is used for interface frac-
ture at the ﬁlm substrate interface while in the remaining Sections
of the paper; the notion debonding is used for interface fracture at
the particle/ﬁlm interface.
Films in residual compression typically fail by buckling driven
delamination caused by delamination at the ﬁlm/substrate inter-
face, see e.g., Hutchinson and Suo (1992) for circular and straight-
sided delamination, and Jensen (1993) and Moon et al. (2002) for
the more commonly observed ‘‘telephone cord‘‘ delamination
mode. The fracture modes involve the interaction of fracture atFig. 1. A SEM picture of ﬁlm with TiO2-coated glass particles indicating debonding
between particles and ﬁlm as well as some limited amount of trans-particle
cracking.the ﬁlm/substrate interface and buckling due to compression of
the ﬁlm in the delaminated region.
The focus here is on ﬁlms which are in residual tension. For suf-
ﬁciently high interface fracture toughness the prevailing fracture
mode of such systems is crack propagation by channelling. The
requirements for the interface fracture toughness compared to the
fracture toughness of the ﬁlm for channelling to bemore likely than
interface delamination have been studied in He and Hutchinson
(1989). Roughly speaking the ﬁlm will fail by channelling rather
than delamination at the ﬁlm/substrate interface if the fracture
toughness of the ﬁlm, Gc , is less than half the mode adjusted inter-
face fracture toughness (He and Hutchinson, 1989). The ﬁlms in
Kibsgaard (2010) in general adhere well and delamination at the
ﬁlm/substrate interface is not observed.
The residual stresses, r0, in the ﬁlm due to a curing strain, 0, is
in-plane and equi-biaxial under the assumption that the ﬁlm and
substrate are linear elastic and isotropic, and is given by
r0 ¼ Ef1 mf 0 ð1Þ
while other stress components are zero. In the following the ﬁlm is
assumed linear elastic and isotropic with a Young’s moduli, Ef , and
Poisson’s ratio, mf .
Conditions for crack channelling in thin homogeneous ﬁlms
were studied in Thouless (1990) and Beuth (1992) for cases of sin-
gle and multiple channelling cracks and for cases of elastic mis-
match between the ﬁlm and the substrate. For the case of no
elastic mismatch, channelling is possible for (Thouless, 1990)
Gc < c20h
Ef ð1þ mf Þ
1 mf ð2Þ
where h is the thickness of the ﬁlm and c ﬃ 2. If the residual strain
level exceeds the minimum requirement of Eq. (2) for channelling
of a single crack, propagation of multiple channel cracks will take
place, Thouless (1990). By (2) it is seen that the risk of channel
cracks is reduced by increasing the fracture toughness of the ﬁlm
Gc , by reducing the residual strains in the ﬁlm 0, by reducing the
ﬁlm thickness h and by reducing the ﬁlm modulus Ef . The usual rec-
ommendation to avoid channel cracking in layered materials is to
reduce layer thickness, since the residual strain is most commonly
dictated by the manufacturing conditions. In the next Sections, we
investigate the possibility of reducing the last term in (2); the stiff-
ness of the ﬁlm by allowing embedded particles to undergo
debonding.
3. Particle reinforcement and effect of debonding
To gain insight in the phenomenon of debonding of particles in
the ﬁlm with the subsequent release of residual stresses, simpliﬁed
models based on existing solutions are set up in this Section. The
qualitative behaviour of the models is held up against more com-
plete three dimensional ﬁnite element calculations for representa-
tive volume elements in later Sections of the paper.
The effective equi-biaxial in-plane residual stresses, re, in the
reinforced ﬁlm are similar to the residual stress in Eq. (1) and given
by
re ¼ Ee1 me e ð3Þ
where the effective Young’s modulus of the particle reinforced ﬁlm
is denoted Ee and the effective Poisson ratio is me and the residual
strain in the particle reinforced ﬁlm is the residual strain of the
un-reinforced ﬁlm multiplied by the matrix volume fraction, i.e.,
e ¼ 0ð1 f Þ ð4Þ
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thus the volume fraction of the matrix material is ð1 f Þ. For the
present ﬁlm, the particles are much stiffer than the matrix so that
the effective elastic properties of the reinforced ﬁlm can be esti-
mated assuming rigid particles.
A simple model for estimating the effective elastic moduli of an
elastic matrix reinforced by rigid particles is the Reuss (lower
bound) estimate where
Ee ¼ Ef ð1 f Þ1 ð5Þ
assuming that the matrix and particle values of Poisson’s ratio are
the same.
By combination of Eqs. (1), (3), (4) and (5), the ratio of residual






1 me ð1 f Þ ð6Þ
This is equal to 1 independent of the two parameters f and mf . I.e.,
the effect of the overall strains decreasing due to reduced volume
of matrix material balances the effect of the Young’s modulus
increasing as the particle volume fraction increases based on the
simple Reuss model with no change of the overall stress level as a
result. It should be emphasised that Eq. (5) is a very crude model;
more sophisticated estimates include the model of Mori and
Tanaka (1973), which would introduce a slight dependence of the
ratio re=r0 in (6) on the parameters f and mf . Since the model
predictions in this Section will be compared with full three-
dimensional numerical calculations based on the ﬁnite element
model in the next Sections, it is not believed to be relevant to base
the present discussion on the more sophisticated models although
they are in better agreement with the numerical calculations since
the simple models presented here capture the essential behaviour.
The introduction of particles in the ﬁlm by the above does not
affect the overall stress level at least when using the Reuss model
(Eq. (5)). However, debonding of particles becomes a possibility. If
debonding of particles occurs, the overall elastic modulus of the
ﬁlm, Ee, decreases and as a result, the residual stresses in the ﬁlm
will decrease since it remains bonded to the substrate. The fracture
mechanics of debonding particles will, in this Section, be discussed
by applying the exact results of Cotterell and Rice (1980) for a large
homogenous, two-dimensional plate containing a circular arc crack
as seen in Fig. 2.
The stress intensity factors, KI and KII , for a circular arc crack
loaded by uniaxial loading, r, in the plane of symmetry (see























ð7ÞFig. 2. Large two-dimensional uniaxially loaded plate containing a circular arc
crack.where the angle a is given in Fig. 2 and R is the radius of the circular
particles.
The solution in Eq. (7) is exact for planar problems where the
stress far from the arc crack is homogeneous, and where the elastic
properties of the particle and the matrix are the same. In the next
Section, full three dimensional unit cell calculations of stress inten-
sity factors for arc cracks between rigid spherical particles and an
elastic matrix including the interaction with closely spaced parti-
cles in neighbouring cells, show that Eq. (7) captures the qualita-
tive behaviour.
An interface fracture criterion to go along with Eq. (7) of the
type formulated in Jensen et al. (1990) is introduced as








; Ee ¼ Ee1 m2e
ð8Þ
where Gi is the mode adjusted fracture toughness of the particle/
ﬁlm interface, and k is a factor between 0 and 1 adjusting the mode
II contribution to the fracture criterion. For k ¼ 1 , the criterion in
(8) reduces to the Grifﬁth criterion, and typical values for interface
cracks lie in the range 0 < k < 0:3 (Jensen et al., 1990). A plot of the
normalised stress level at which (8) is satisﬁed with (7) applied is
shown in Fig. 3.
As indicated in Fig. 3, if an initial defect of size a1 exists at the
particle/ﬁlm interface and the residual stress exceeds r1 then the
crack will jump unstably to size a2 and further crack growth will
require an increasing stress. The result of the unstable crack
growth from a1 to a2 will, however, be a reduction of the stress
level due to the reduced effective stiffness of the particle reinforced
ﬁlm. The value of a2 will dependend on r1 and k as seen in Fig. 3. In
a real material system the sudden jump in crack length would be
hard to observe since there would be a distribution of initial
defects, particle sizes and the particles would not be arranged peri-
odically so that all particles in a real system would not behave
identically.
The classical Grifﬁth fracture criterion, which is given by (8)
with k ¼ 1, would also predict interface crack arrest as the energy
release rate based on (8) increases monotonically with the crack
angle a for angles up to 50 where (7) is valid. Beyond crack angles
of 77, to a reasonable approximation KI ¼ 0 since the crack faces
are in contact. A detailed study of the effects of closure of isolated
arc cracks in homogeneous materials under plane strain conditions
was carried out in Ritz and Pollard (2011), and in the next section
we carry out a study of the effects of closure for interface cracksFig. 3. The normalised stress level at which (8) is satisﬁed with (7) applied. Stable
debonding of particles is possible to the right of the minima.
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dimensional unit cells including effect of closely spaced particles
in neighbouring cells and including effects of frictional sliding of
the crack faces when crack closure takes place.
By the results in Fig. 3, it can be seen that the maximum
requirement to the fracture toughness of the particle/ﬁlm interface
for debonding of the particles to take place and thereby release
residual stresses is roughly given by Gi < r20Rð1 mf Þ=Ef which
can be used to identify a minimum particle size required to make
debonding efﬁcient as a mechanism to release residual stresses in
the ﬁlm.
As the length of the debond increases, the effective stiffness of
the particle reinforced ﬁlm decreases as previously stated. Detailed
results for effective Young’s modulus based on FEM will be pre-
sented later, but they essentially show that the stiffening effect
of the rigid particles is lost completely at debond angles 60 and
larger. When the effect of the particles is lost, the ﬁlm behaves
as a porous material. The effective Young’s modulus of a voided
ﬁlm based on the Voigt model (upper bound) are
Ee ¼ Ef ð1 f Þ ð9Þ
assuming that the matrix and particle values of Poisson’s ratio are
the same.
The reduction in the stress level in the ﬁlm due to complete
debonding of the particles, noting as before that the ﬁlm remains
bonded to the substrate so that the overall strains in the ﬁlm are
ﬁxed, can now be calculated as
re
r0
¼ ð1 f Þ2 ð10Þ
The ratio of residual stresses (10) in the ﬁlm prior to and after
debonding of the particles show that debonding of even relatively
low volume fractions of particles reduces the stress level signiﬁ-
cantly. As an example, if just 30% particles are added to the ﬁlm,
the residual stress level due to debonding can be reduced to less
than half the original magnitude by this mechanism. By compari-
son with the criterion (2) for the development of channel cracks
in the ﬁlm formulated in terms of stress, the risk for such cracks
is thus signiﬁcantly reduced. This is, however, at the cost of
wide-spread debonding of the particles in directions parallel to
the surface of the ﬁlm while the particles remain bonded perpen-
dicular to the surface.
It should also be noted that the reduction in (10) of the stress
level in the ﬁlm due to debonding of particles is a lower bound
to the reduction since the Reuss model gives a lower bound to
the stress level in the particle reinforced ﬁlm and the Voigt model
gives an upper bound to the stress level in the ﬁlm containing deb-
onded particles, i.e., the real effect will be even higher than pre-
dicted by (10).Fig. 4. Illustration of RVE with debonding between particle and ﬁlm. The overall
stress component rzz ¼ 0.4. Finite element calculations for three-dimensional periodic
unit cells
The results based on the simple two-dimensional model formu-
lated in the previous section are veriﬁed in the following. The prob-
lem analysed by the ﬁnite element method is an idealised three-
dimensional model of a thin ﬁlm containing a number of particles
in the thickness direction where the ﬁlm is in a state of equi-biaxial
in-plane tension. A representative volume element (RVE) is
assumed to be a cylinder with a rigid spherical particle at its cen-
tre. The cylinder is subject to axisymmetric deformation under
periodic boundary conditions in the plane as well as in the thick-
ness direction, i.e., the sides of the RVE are forced to remain
straight. For the RVE, the overall stress component perpendicular
to the free surface is zero,rzz ¼ 0 ð11Þ
where the overall stress components, rij, are related to the local





Here, V is the volume of the RVE. The overall stresses are calculated
by surface tractions on the RVE. Under these boundary conditions,
a number of particles are assumed to exist through the thickness of
the ﬁlm, but the ﬁlm thickness is still sufﬁciently small that macro-
scopic stress rzz does not build up perpendicular to the ﬁlm surface.
The assumption of a cylindrical unit cell with periodic boundary con-
ditions undergoing axi-symmetric deformation is an approximation
to a three dimensional hexagonal array of identical unit cellswhich is
used in a variety of other problems, see e.g., Hutchinson and Jensen
(1990) for pull-out of circular-cylindrical ﬁbres, Needleman (1987)
and Charles et al. (2010) for debonding of spherical particles, and
Tvergaard (1982) for growth of spherical voids.
The debonding process is modelled by letting a crack grow in
the interface between the spherical particle and the matrix as illus-
trated in Fig. 4. Since the problem is axisymmetric the crack will
form around the equator of the particle and grow toward its poles.
As the debond length increases, a point is reached where the crack
front closes as also predicted by the plane model (Eq. (7)) at 77.
The friction that arises due to contact between the crack faces is
included as Coulomb friction. The analysis is conducted for a range
of particle volume fractions by increasing the particle diameter rel-
ative to the size of the RVE in Fig. 4.
The analysis was conducted in Marc 2011 and Marc Mentat
2011. The analysis has linear properties assigned to the matrix
material, but non-linearities arise as the crack length becomes suf-
ﬁciently large that crack faces get in contact. The particle is
assumed rigid. The material constants assigned to the matrix mate-
rial was a Poisson’s ratio of 0.3 while results are presented in nor-
malised form involving the matrix Young’s modulus. All results
presented along with the meshing procedure are converged values
as mesh size is reduced. The increase in particle volume percentage
is achieved by maintaining the dimensions of the unit cell and
increasing the diameter of the particle.
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a higher resolution near the crack tip. The element used has four
nodes with iso-parametric and arbitrary quadrilateral properties
for axisymmetric applications with two degrees of freedom per
node. The energy release rate and its separation into modes I and
II are calculated using the built-in virtual crack closure technique
in Marc 2011 (Krueger, 2004).Fig. 6. Degradation of effective stiffness as a function of debonding angle, a,
calculated using FEM. At approximately a ¼ 60 the stiffening effect in the ﬁlm of
the rigid particles is essentially lost.
Fig. 7. Degradation of effective stiffness with volume fraction of particles when
complete debonding between particle and ﬁlm has been achieved, i.e., a ¼ 90 .5. Results
5.1. Degradation of ﬁlm stiffness due to debonding of particles
Fig. 5 shows how the effective stiffness of the ﬁlm, Ee, increases
with the volume fraction of particles, f. The model of Reuss and the
model of Mori and Tanaka (1973) for reinforced materials, both for
plane strain, are here compared to axisymmetric results calculated
using FEM. The Reuss model gives a lower bound as described in
Section 3 and seen in Fig. 5. A clear deviation is seen between
the model of Reuss and the FEM solution. The more sophisticated
model of Mori and Tanaka (1973) gives a better estimate compared
to the axisymmetric FEMmodel and up to a volume fraction of par-
ticles equal to 0.2 the estimate is good. From a volume fraction of
particles larger than 0.2 the deviation becomes signiﬁcant.
As the length of the debonded region between particle and ﬁlm
increases, the effective stiffness of the particle reinforced ﬁlm
decreases as stated in Section 3. Fig. 6 shows the degradation of
the effective stiffness as a function of the debond angle a for the
volume fraction of particles f ¼ 0:1;0:2;0:3 and 0.4. For all volume
fractions, the effective stiffness decreases with the debond angle
and when the angle is approximately 35, the particles no longer
have the effect of increasing the effective stiffness of the ﬁlm. With
increasing debond angle, the stiffness of the ﬁlm continues
decreasing, and at approximately 60 the effective stiffness reaches
a level approximately corresponding to the particles being
replaced by voids.
Beyond debond angles of 60, the reinforced ﬁlm can by the
above be treated as a porous material which was assumed in
the simple models studied in Section 3. The model of Voigt and
the model of Mori and Tanaka (1973) for porous materials are in
Fig. 7 compared to axisymmetric results calculated using FEM. The
Voigt model gives an upper bound of the effective stiffness. A devi-
ation is seen between the model of Voigt and the FEM solution. The
more sophisticated model of Mori and Tanaka (1973) gives a betterFig. 5. Increase of effective stiffness with volume fraction of particles for perfect
bonding between particle and ﬁlm, i.e., a ¼ 0.
Fig. 8. Energy release rate as a function of the delamination angle, a, calculated
using the linear elastic fracture mechanic model by Cotterell and Rice (1980).
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FEM model.
5.2. Fracture mechanics of particle debonding
In Fig. 8 results for the energy release rate based on the exact
solution by Cotterell and Rice (1980) are shown. The normalised
energy release rate is given as a function of the debond angle a.
When the angle starts increasing, the mode I energy release rate
increases and at an angle of approximately 28.2, the energy
release rate for mode I peaks. With further increase of debond
angle, the mode I energy release rate decreases and at 77, the
crack tip closes. The mode II energy release rate increases more
slowly with the debond angle. At a debond angle of approximately
68, the mode II energy release rate peaks and with increased
debond angle it continues decreasing.
The energy release rate calculated using FEM is shown in Fig. 9
for four volume fraction of particles, f ¼ 0:1;0:2;0:3 and 0.4. The
normalised energy release rate is given as a function of the debond
angle a. Contact between particles and the matrix when the crack
tip is closed is included in the three dimensional model. The results
from the FEM model have the same tendency as the model by
Cotterell and Rice (1980). When the debond angle increases, the(a)
(c)
Fig. 9. Energy release rate as a function of the debond angle, a, calculated using FEM
Coulomb friction with coefﬁcient 0.3 is assumed between crack faces after closure.mode I energy release rate increases, and at debond angle of
10–15, it peaks. With an increase of volume fraction of particles,
the mode I energy release rate peaks at a smaller debond angle.
Also, the peak value increases with the volume fraction of particles.
With increased debond angle, the mode I energy release rate
decreases and at a debond angle of approximately 50, the crack
tip closes for a volume fraction of particles equal to 0.1. The crack
tip is closing at a slightly larger debond angle with an increase of
volume fraction of particles.
The mode II energy release rate increases with debond angle
and peaks at approximately 55 for a volume fraction of particles
equal to 0.1. With an increase of volume fraction of particles, the
mode II energy release rate peaks at a larger debond angle. With
a further increase in debond angle, the mode II energy release rate
decreases until it reach zero when the debond angle is equal to 90.
The peak value of the mode II energy release rate is more or less
constant with increase of volume fraction of particles. Thus, mode
I energy release becomes more signiﬁcant with increase of volume
fraction of particles.
Consequently, with increase of volume fraction of particles, the
peak of total energy release rate is reached at a smaller debond
angle and approximately constant over a range of debond angles
before it decreases to zero at a debond angle equal to 90.(b)
(d)
for volume fraction of particles; (a) f ¼ 0:1, (b) f ¼ 0:2, (c) f ¼ 0:3 and (d) f ¼ 0:4.
Fig. 10. Normalised stress–strain response of particle reinforced ﬁlm as a result of
particle debonding for different particle volume fractions, f.
2856 S. Steffensen et al. / International Journal of Solids and Structures 51 (2014) 2850–2856When the crack tip is closed, friction between the crack faces is
affecting the mode II energy release rate and, consequently, the
total energy release rate. A Coulomb friction coefﬁcient of 0.3
was included in the FEM model and the result is seen by Fig. 9.
The effect of friction is only affecting the results when the mode
II energy release rate is decreasing after the peak where the mode
I energy release rate is essentially zero upon crack closure.
5.3. Stress–strain relations for composite ﬁlm
The results presented in Section 5.1 for the effective stiffness of
the composite ﬁlm as a function of the debond angle and the frac-
ture mechanical results in Section 5.2 for the angle as a function of
the applied stress are combined next. For a given system the
debond angle is taken as a parameter with an initial value corre-
sponding to the location of the maximum value of G1 in Fig. 9. A
stress strain relationship for the system is calculated as a cross plot
of the results in Sections 5.1 and 5.2. The stress required to make
the particles debond are calculated from Fig. 9 using the fracture
criterion in (8) with k ¼ 0. The corresponding drop in the Young’s
modulus of the ﬁlm is obtained from Fig. 6 and the strain is calcu-
lated assuming that the material behaviour is linearly elastic.
The resulting stress–strain response is shown in Fig. 10. The
non-linearities are solely due to the debonding of particles and
the corresponding drop of the effective stiffness of the composite
ﬁlm. The plot is based on the assumption that all particles behave
identical and have identical initial ﬂaws corresponding to the
debond angle in Fig. 9 where G1 is a maximum. In a more realistic
situation where the initial ﬂaws would vary in size as would the
particles and their distribution the transition from the linear to
the non-linear response in the stress–strain relationship in
Fig. 10 would be smoother. It is noted that the matrix behaviour
remains linear elastic in all calculations.
Experimental work was carried out in Kibsgaard (2010) show-
ing qualitative agreement with Fig. 10 although that particular sys-
tem also showed some non-linear response of the matrix material
not included in the present analysis.
6. Conclusion
A model has been set up to study the effect of debonding of par-
ticles in a thin ﬁlm. A signiﬁcant reduction in the effective Young’s
modulus of the ﬁlm due to debonding is observed. As a result, for aparticle reinforced ﬁlm bonded to a substrate under residual stres-
ses, these stresses can be signiﬁcantly reduced due to partial deb-
onding of the particles. This reduces the risk for other, typically
more fatal, failure modes of the ﬁlm such as interface delamination
between the ﬁlm and the substrate and through-thickness cracking
of the ﬁlm. The mechanism using controlled, partial particle deb-
onding as a way of avoiding more critical failure modes by reduc-
ing the stress level in the ﬁlm relies on the functional properties of
the composite ﬁlm not being lost as a consequence.
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